Special values of the Lommel functions allow the calculation of Fresnel like integrals. These closed form expressions along with their asymptotic values are reported.
which contain even powers of the variable, can be expressed in terms of the Lommel functions.
In the first instance, Maple gives 
+[(2k − 1)s k,3/2 + (2/λ)s k+1,1/2 ] sin(λ) 2λ k (2k + 1) .
Using (1) and (2) we get the simplified form With these results we see that all cases of cosine integrals with even powers of the variable have been obtained in terms containing the Fresnel S function. For the corresponding sine integrals, integration by parts gives 1 0 z 2k sin(λz 2 )dz = sin(λ) 2k + 1
Using (10) we have
With k = 2m we get
which then becomes
For k = 2m + 1 the sine integrals are given by Maple as
Using the values of Lommel functions given above we have
With these results we see that all values of the sine integrals which contain even powers of z requires the presence of the Fresnel integrals C(χ).
Integrals with values containing elementary functions
We next consider integrals which contain odd powers of z i.e.
In the first instance Maple gives
) cos(λ)
(11) using (1) and (2). Where k = 2m we have
(12) We see that this expression requires the Lommel functions s 2m−1/2,1/2 (λ) and s 2m+1/2,1/2 (λ). In the first case we have from (2) and the initial condition
The function s 2m+1,1/2 (λ) then can be obtained from the differential-difference equation in (3) . That is to say
We get with the initial condition s 2m+1/2,1/2 (0) = 0, the solution to (13) as
which immediately gives
We have obtained in these cases closed forms for the Lommel functions which contain only elementary functions. As a result, we get
The cosine integral containing powers 4m + 3 is given by
In the latter expression the quantity s 2m+3/2,1/2 (λ) can be obtained from (3) and we have
An expression for the sine integrals with odd powers i.e.
has been obtained using integration by parts of the corresponding cos(λz 2 ) integral together with the latter's integrated form. Then in the case where k = 2m we have
Where k = 2m + 1 we have
In the latter expression the quantity s 2m+3/2,1/2 (λ) can also be obtained from (3) and the integral being sought has the value
3 Asymptotic forms for the integrals containing S(χ) and C(χ)
It is useful to provide values of the integrals evaluated above in section 2 where the parameter λ is large. Initially we consider the case of the integrals with even powers of the integration variable z i.e.
which we have seen contain the Fresnel integrals. The asymptotic forms for the functions S (χ) and C(χ) can be obtained from the expressions [4]
where f (z) and g(z) are the Fresnel auxiliary functions. Their asymptotic forms with (cut of f N ≥ 1) are given by
We get for the integrals in question, having used the relation
in the sine and cosine sums, the expressions
We see that the terms in these asymptotic expressions contain the sine and cosine sums along with the additional and significant contributions from the Fresnel integrals.
Asymptotic values for Fresnel related integrals
In extensions of the Schwinger-Englert semi-classical theory [5] of atomic structure, asymptotic forms for the integrals
arise with λ → ∞ and 0 < a < 1. Here we give estimates for those forms. Expanding the denominators of the integrals above we have
using the results obtained above we get (where z!! is the double factorial function and N is the order of truncation)
In lowest order in a and 1/λ we have
and in the case of the cosine integral we have
It is interesting to note that the integrals with infinite range i.e.
and
which have the exact values shown above, posses the same forms for large λ as the integrals (albeit without oscillations) with finite range. That is to say
It is also worth noting that asymptotic values of the integrals which contain higher powers of the trigonometric function described above and with higher powers of the denominators i.e. 
can be expressed in terms of the forms given in (15,16) and (19, 20) . By way of example, writing
(1 + a z 2 ) ν , (noting the scaling property)
we get the differential-difference equation
In the case where η = 1 and ν = 1/2 we have In the case of the integral I
1 (a, λ), its exact value is
or rewriting it in terms of the Fresnel auxiliary functions [7] f (χ ′ ) and g(χ ′ ) referred to above (here with χ ′ = 2 λ/πa ) we get
The asymptotic values of f (χ ′ ) and g(χ ′ ) for large λ [8] give the result has the closed form expression
The higher order integrals i.e. those containing powers of the cosine function i.e. cos η (λx 2 ) are expressible in terms of the integrals in (18). Using the trigonometric relations
we have
ν (a, (2j + 1) λ).
With results from Maple, it is possible using an incomplete form of induction to give general expressions for the integrals I
ν (a, λ) with even and odd values of ν. The integrals are found to contain the Anger functions [9] J 1/2 (z) and J 3/2 (z) i.e. Alternatively, in keeping with results given above the Anger functions can be written in terms of the Fresnel functions appearing in I
1 , and I
2 , using the relations 
